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2 The Second Law

The previous chapter explored the law of energy conservation as it applies to ther-
modynamic systems. It also introduced the concepts of heat, work, and temper-
ature. However, some very fundamental questions remain unanswered: What is
temperature, really, and why does heat flow spontaneously from a hotter object to
a cooler object, never the other way? More generally, why do so many thermo-
dynamic processes happen in one direction but never the reverse? This is the Big
Question of thermal physics, which we now set out to answer.

In brief, the answer is this: Irreversible processes are not inevitable, they are
just overwhelmingly probable. For instance, when heat flows from a hot object to
a cooler object, the energy is just moving around more or less randomly. After we
wait a while, the chances are overwhelming that we will find the energy distributed
more “uniformly” (in a sense that I will make precise later) among all the parts of
a system. “Temperature” is a way of quantifying the tendency of energy to enter
or leave an object during the course of these random rearrangements.

To make these ideas precise, we need to study how systems store energy, and
learn to count all the ways that the energy might be arranged. The mathematics
of counting ways of arranging things is called combinatorics, and this chapter
begins with a brief introduction to this subject.

2.1 Two-State Systems

Suppose that I flip three coins: a penny, a nickel, and a dime. How many possible
outcomes are there? Not very many, so I've listed them all explicitly in Table 2.1.
By this brute-force method, I count eight possible outcomes. If the coins are fair,
each outcome is equally probable, so the probability of getting three heads or three
tails is one in eight. There are three different ways of getting two heads and a
tail, so the probability of getting exactly two heads is 3/8, as is the probability of
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Chapter 2 The Second Law

Penny Nickel Dime
H H H

Table 2.1. A Est of all possible “mi-
crostates”™ of a set of three coins (where H
is for heads and T is for tails).

HAa @ A8
HomH Ha T
mHsH mEHA

e T T

getting exactly one head and two tails.

Now let me introduce some fancy terminology. Each of the eight different out-
comes is called a microstate. In general, to specify the microstate of a system,
we must specify the state of each individual particle. in this case the state of each
coin. If we specify the state more generally, by merely saying how many heads or
tails there are, we call it a macrostate. Of course, if you know the microstate of
the system (say HHT), then you also know its macrostate (in this case, two heads).
But the reverse is not true: Knowing that there are exactly two heads does not
tell you the state of each coin, since there are three microstates corresponding to
this macrostate. The number of microstates corresponding o a given macrostate
is called the multiplicity of that macrostate, in this case 3.

The symbol I'll use for multiplicity is the Greek letter capital omega, (. In
the example of the three coins, (3 heads) = 1, (2 heads) = 3. 2(1 head) = 3,
and Q(0 heads) = 1. Note that the total multiplicity of all four macrostates is
1+3+3+1 =38, the total number of microstates. I'll call this quantity Q(all).
Then the probability of any particular macrostate can be written

Q(n)
Qall)”

probability of n heads = (2.1)
For instance, the probability of getting 2 heads is Q(2)/Q(all) = 3/8. Again, I'm
assuming here that the coins are fair, so that all 8 microstates are equally probable.

To make things a little more interesting, suppose now that there are not just
three coins but 100. The total number of microstates is now very large: 2100 since
each of the 100 coins has two possible states. The number of macrostates, however,
is only 101: 0 heads, 1 head, ... up to 100 heads. What about the multiplicities of
these macrostates?

Let’s start with the 0-heads macrostate. If there are zero heads, then every coin
faces tails-up, so the exact microstate has been specified, that is, Q(0) = 1. 1

What if there is exactly one head? Well, the heads-up coin could be the first
one, or the second one, etc., up to the 100th one; that is, there are exactly 100
possible microstates: (1) = 100. If you imagine all the coins starting heads-down,
then Q(1) is the number of ways of choosing one of them to turn over.

To find Q(2), consider the number of ways of choosing two coins to turn heads-
up. You have 100 choices for the first coin, and for each of these choices you have




2.1 Two-State Systems

99 remaining choices for the second coin. But you could choose any pair in either
order, so the number of distinct pairs is

100 - 99
(12 = 5 (2.2)
If you’re going to turn three coins heads-up, you have 100 choices for the first,
99 for the second, and 98 for the third. But any triplet could be chosen in several
ways: 3 choices for which one to flip first, and for each of these, 2 choices for which

to flip second. Thus, the number of distinct triplets is
_100-99 - 98
- 3.2
Perhaps you can now see the pattern. To find Q(n), we write the product of n

factors, starting with 100 and counting down, in the numerator. Then we divide
by the product of n factors, starting with n and counting down to 1:

_100-99---(100 — n + 1)
- n---2.1 ’
The denominator is just n-factorial, denoted “n!”. We can also write the numerator
in terms of factorials, as 100!/(100—n)!. (Imagine writing the product of all integers
from 100 down to 1, then canceling all but the first n of them.) Thus the general
formula can be written

Q(3) (2.3)

Q(n) (2.4)

R (1OO>. (2.5)

~ nl- (100 — n)! n

The last expression is just a standard abbreviation for this quantity, sometimes
spoken “100 choose n”—the number of different ways of choosing n items out
of 100, or the number of “combinations” of n items chosen from 100.

If instead there are N coins, the multiplicity of the macrostate with n heads is

20 = o = () 0

the number of ways of choosing n objects out of N.

Problem 2.1. Suppose you flip four fair coins.

(a) Make a list of all the possible outcomes, as in Table 2.1.

(b) Make a list of all the different “macrostates” and their probabilities.

(c) Compute the multiplicity of each macrostate using the combinatorial for-
mula 2.6, and check that these results agree with what you got by brute-
force counting.

Problem 2.2. Suppose you flip 20 fair coins.

(a) How many possible outcomes (microstates) are there?

(b) What is the probability of getting the sequence HTHHTTTHTHHHTHH-
HHTHT (in exactly that order)?

(c) What is the probability of getting 12 heads and 8 tails (in any order)?







